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We study the order of capillary condensation and evaporation transitions of a simple fluid adsorbed
in a deep capillary groove using a fundamental measure density functional theory (DFT). The walls
of the capillary interact with the fluid particles via long-ranged, dispersion, forces while the fluid-fluid
interaction is modelled as a truncated Lennard-Jones-like potential. We find that below the wetting
temperature Tw condensation is first-order and evaporation is continuous with the metastability of
the condensation being well described by the complementary Kelvin equation. In contrast above
Tw both phase transitions are continuous and their critical singularities are determined. In addition
we show that for the evaporation transition above Tw there is an elegant mapping, or covariance,
with the complete wetting transition occurring at a planar wall. Our numerical DFT studies are
complemented by analytical slab model calculations which explain how the asymmetry between
condensation and evaporation arises out of the combination of long-ranged forces and substrate
geometry.
I. INTRODUCTION
It is well known that confining a fluid can dramatically
alter its properties and induce new examples of phase
transitions and critical phenomena. Important examples
of this include wetting, pre-wetting and layering at planar
walls1–4, capillary condensation, critical point shifts and
interfacial delocalization in parallel plate geometries5–8
and filling transitions in wedges9–13. A simple exten-
sion of these idealized geometries, which has received a
great deal of recent attention, is a groove or capped cap-
illary formed by scoring a narrow deep channel or array
of channels into a solid surface (see Fig. 1). Capping
a capillary strongly influences the nature of condensa-
tion and evaporation, compared to that occurring in an
infinite open capillary-slit, because of the presence of a
meniscus, which must unbind from the groove bottom
(top) at condensation (evaporation)14–24. The purpose
of the present paper is to investigate the nature of this
meniscus unbinding in a model microscopic density func-
tional theory (DFT) incorporating realistic long-ranged
intermolecular forces. In doing so we wish to study a
number of predictions for the possible asymmetry be-
tween the condensation and evaporation branches of the
adsorption isotherm occurring both above and below the
wetting temperature22. In particular, we report for the
first time microscopic studies of evaporation transitions
in capillary grooves with long-range intermolecular forces
and show a precise connection, or covariance, with com-
plete wetting at planar walls.
Consider a simple fluid which, in the bulk, shows coex-
istence between liquid and gas phases, with densities ρl
and ρg respectively, along a saturation chemical potential
curve µsat(T ) which terminates at a bulk critical temper-
ature Tc. Now suppose the fluid is confined between two
parallel plates, of infinite area, separated by a distance L.
Such confinement shifts the location of the coexistence,
which now occurs between capillary gas and capillary liq-
uid phases along a capillary condensation curve µcc(L)
and which ends at a capillary critical temperature5,7. In
the limit of macroscopically wide capillaries and small
undersaturation, µcc(L) satisfies the Kelvin equation
25:
µcc(L) = µsat − 2γ cos θ
L∆ρ
+ · · · , (1)
where ∆ρ = ρl − ρg, γ is the liquid-gas interfacial ten-
sion and θ is the contact angle. For temperatures below
the wetting temperature Tw, corresponding to θ > 0, the
Kelvin equation is known to be accurate even for micro-
scopically narrow slits which are only several molecular
diameters wide6. However, for T > Tw, when θ = 0 and
thick wetting films form at the walls, it is necessary to
also allow for Derjaguin’s correction which reduces the
effective slit width5,6,26 (see Appendix). In this case the
Derjaguin corrected Kelvin equation is known to be ac-
curate down to slit widths of a few hundred molecular
diameters6. In most DFT studies of capillary condensa-
tion one supposes translational invariance along the walls
so that the density profile depends only on one Cartesian
coordinate. In this case capillary condensation is cer-
tainly a first-order transition, at which the density pro-
file jumps, at µcc, from a low coverage to a high coverage
state. Thus at mean-field level, below the capillary crit-
ical temperature Tc(L), adsorption isotherms exhibit a
van der Waals loop, characterised by metastable exten-
sions and spinodals. The Kelvin equation is usually de-
rived by equating the grand potentials of coexisting cap-
illary liquid and capillary gas phases each of which have
distinct bulk and surface free-energy contributions6. Al-
ternatively, it can understood geometrically as the value
of the chemical potential where a circular meniscus of
Laplace radius R = γ/(µsat − µcc)∆ρ meets the walls at
the contact angle θ, thus establishing a stable separation
of the coexisting capillary phases.
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2FIG. 1: Sketch of a cross section of a capillary groove of width L and depth D  L and three different configurations of the
meniscus. On the far left is shown a near empty capillary corresponding to µ < µcc with two small corner menisci near the
capillary bottom. On the far right is a near filled capillary corresponding to µ < µcc in which a single meniscus is close to the
groove opening. The middle configuration shows an empty capillary corresponding to µ ≈ µcc but with much more prominent
corner menisci which may correspond to a stable or a metastable configuration depending on the order of the condensation
transition.
This simple picture of capillary condensation is en-
riched considerably when one end is capped to form a
deep capillary groove, as shown schematically in Fig. 1.
Hereafter we suppose that the side walls and cap are
made from the same material so there is only one macro-
scopic contact angle θ. In such a macroscopically deep
groove condensation must still occur at µcc(L) since the
contribution to the free energy from the capped and open
ends do not scale with the depth D. However it is now
necessary to distinguish between condensation and evap-
oration since these two transitions are distinct. Conden-
sation involves the unbinding of the meniscus from the
bottom of the groove, which is filled mostly with cap-
illary gas along the adsorption branch, as the chemical
potential is increased to µcc. Evaporation on the other
hand involves the unbinding of the meniscus from the top
of the groove, which is filled mostly with capillary liquid
along the desorption branch, as the chemical potential is
decreased to µcc. Recent theoretical studies
15,19,20 have
predicted that for T > Tw when the walls are completely
wet by liquid the condensation involves the continuous
unbinding of the meniscus. Thus, if `C denotes the equi-
librium height of the meniscus above the groove bottom,
we can characterise the divergence on approaching con-
densation by
`C ∼ (µcc − µ)−βC , (2)
which is valid for deep grooves D  `C  L. Similarly,
for T > Tw the evaporation transition is also predicted to
be continuous22 in which case the distance of the menis-
cus from the groove top diverges as
`E ≡ (D − `C) ∼ (µ− µcc)−βE , (3)
which is again valid for D  `E  L. Strictly speak-
ing these power laws only apply to macroscopically deep
grooves but as we shall see they also describe the be-
haviour of the meniscus in grooves of finite depth. The
values of the exponents βC and βE (which are referred
to as βA and βD in Ref.
15) are, in general, distinct with
both depending sensitively on the range of intermolecu-
lar forces. In particular, for dispersion-like forces, effec-
tive Hamiltonian considerations lead to the mean-field
predictions βC = 1/4 andβE = 1/3 which are almost
entirely insensitive to interfacial fluctuation effects (see
later)15. Thus even when the condensation and evap-
oration are both continuous there is still an asymme-
try between them with the condensation being a slightly
sharper transition. Note that the value of the evapora-
tion exponent βE is the same as that one describing the
growth of the complete wetting films at planar walls in
systems with dispersion forces. In fact, this is not coinci-
dental and points to a much deeper connection between
groove evaporation and planar complete wetting which
we shall discuss at length in this paper.
The situation for walls which are partially wet by liq-
uid is however quite different21–23. Below a temperature
T ∗(L) ≈ Tw it has been predicted that the condensa-
tion transition becomes first-order due to the preferen-
tial adsorption of fluid, or corner menisci, at the bottom
of the groove (see the left panel in Fig. 1). In this case
at µcc a low coverage configuration coexists with one in
which the groove is completely filled with liquid (see the
right panel in Fig. 1) similar to the standard interpre-
tation of condensation. Note that the macroscopic size
and shape of such corner menisci are determined uniquely
by the simple geometrical requirement that they have a
Laplace radius R = γ/(µsat−µ)∆ρ and meet the side and
bottom walls at the correct contact angle θ. Such low
coverage configurations persist into a metastable regime
µ > µcc which terminates at a spinodal µsp where the
menisci meet, determined by the complementary Kelvin
3equation22
µsp(L) = µcc(L) +
2γ sin θ
L∆ρ
+ · · · . (4)
The phenomena that we focus on in this paper are the
condensation and evaporation transitions and in particu-
lar their order above and below the wetting temperature
Tw. To fully understand them we must also consider
them in the context of other phase transitions both at
mean-field level and beyond. As mentioned earlier, the
groove is itself a generalization of other geometries which
exhibit known and well-studied phase transitions. Sup-
pose for example that the separated side walls exhibit
(in the limit L → ∞) a first-order wetting transition at
temperature Tw and chemical potential µ = µsat. As-
sociated with this is a pre-wetting line which extends
above Tw and to µ < µsat which is the locus of coexis-
tence between two distinct phases with thin and thicker
wetting layers. In a capillary of finite width L, the wet-
ting transition is of course suppressed but a finite-size
shifted capillary pre-wetting line will still, in general, ex-
ist. In this case one should distinguish between capillary-
gas phases which have either thin or thick wetting films
at the side walls. However for narrow capillaries, which
will be exclusively considered in this paper, the capil-
lary pre-wetting occurs in a metastable region since it is
preceded by capillary condensation. Similarly, the bot-
tom of a capped capillary comprises two right-angle cor-
ners each of which, if separated by an infinite distance,
would, at bulk two phase coexistence, exhibit a filling
transition at a temperature Tf < Tw (when the contact
angle θ = pi/4). In a capillary of finite width L the filling
transition is again suppressed since the corner menisci
can not become macroscopically large. But, if the filling
transition is first-order one may suspect that a pre-filling
line, corresponding to transitions from thin to thick cor-
ner menisci states, exists at either corner of a finite width
capillary. However there are two reasons why such tran-
sitions are irrelevant for our discussion of condensation
and evaporation. First, analogous to pre-wetting at the
side walls, for narrow grooves, the pre-filling line exists
in a metastable region of the phase diagram since it is
preceded by capillary condensation. The second reason
is that, strictly speaking, the pre-filling transition is an
artefact of the mean-field approximation in model density
functional theories. In reality, any pre-filling-like jump in
the adsorption near the corners is rounded owing to the
pseudo one-dimensional nature of the transition. Exactly
the same reasoning applies to any pre-wetting like tran-
sition associated with the bottom wall which must also
be rounded beyond mean-field. We will return to this
last point at the end of our paper. In summary, pre-
wetting and pre-filling associated with the bottom wall
are irrelevant artefacts of mean-field treatments, while
pre-wetting at the side walls is only of interest for rather
wide capillaries.
In this paper we use a highly accurate fundamental
measure DFT to examine different properties of conden-
sation and evaporation in a narrow groove geometry for
systems with long-ranged intermolecular forces. We aim
to answer the following questions; Firstly regarding con-
tinuous capillary condensation above Tw, is the effective
Hamiltonian prediction that the βC = 1/4 observable in
our studies of grooves of large but finite depth? Sec-
ondly does the transition become first order below the
wetting temperature and if so how accurate is the com-
plementary Kelvin equation? Similarly for evaporation
we wish to test the prediction that above Tw the expo-
nent βE = 1/3 and to determine the order of the tran-
sition below Tw. In doing this we will show that due to
the presence of long-ranged forces, for capillary evapora-
tion there is a hidden connection or covariance with the
very well understood phenomena of complete wetting at
a planar wall i.e. the adsorptions characterising these
different phase transitions in two distinct geometries are
precisely related to each other.
The rest of our paper is organised as follows. In sec-
tion II we describe our DFT, our choice of intermolec-
ular forces and the substrate geometry in more detail.
In Section III we present our DFT results for condensa-
tion and evaporation below (IIIa) and above (IIIb) the
wetting temperature and determine numerically the crit-
ical exponents βC and βE . We also show that above
the wetting temperature, where corner menisci are not
of crucial importance, the values of the critical expo-
nents can be obtained analytically from a simple slab
or shark-kink model the details of which are provided in
an Appendix. Finally, we discuss in detail the covariance
between groove evaporation and complete wetting on a
planar wall and finish with a summary of our results and
a discussion of the nature of the capillary wetting tran-
sition beyond mean-field.
II. DENSITY FUNCTIONAL THEORY
Within DFT27, the equilibrium density profile is found
by minimising the grand potential functional
Ω[ρ] = F [ρ] +
∫
drρ(r)[V (r)− µ] , (5)
where µ is the chemical potential and V (r) is the external
potential. It is convenient to divide the intrinsic free en-
ergy functional F [ρ] into an exact ideal gas contribution
and an excess part:
F [ρ] =
∫
drρ(r)
[
ln(ρ(r)Λ3)− 1]+ Fex[ρ] , (6)
where Λ is the thermal de Broglie wavelength, which we
set to unity. To continue we follow the traditional van
der Waals or perturbative approach and model the excess
term as a sum of hard-sphere and attractive contributions
where the latter is treated in a simple mean-field fashion.
Thus we write
Fex[ρ] = Fhs[ρ] + 1
2
∫ ∫
drdr′ρ(r)ρ(r′)ua(|r− r′|) , (7)
4where ua(r) is the attractive part of the fluid-fluid inter-
action potential.
Minimisation of (5) leads to an Euler-Lagrange equa-
tion:
V (r) +
δFhs[ρ]
δρ(r)
+
∫
dr′ρ(r′)ua(|r− r′|) = µ . (8)
In our model, the fluid atoms are assumed to inter-
act with each other via a truncated (but non-shifted)
Lennard-Jones-like potential
ua(r) =

0 ; r < σ ,
−4ε (σr )6 ; σ < r < rc ,
0 ; r > rc .
(9)
which is cut-off at rc = 2.5σ, where σ is the hard-sphere
diameter. Hereafter, we will use the parameters σ and ε
as the length and energy units.
The hard-sphere part of the excess free energy is ap-
proximated by the fundamental measure theory (FMT)
functional28,
Fhs[ρ] = 1
β
∫
drΦ({nα}) , (10)
where β = 1/kBT is the inverse temperature. There exist
various recipes for constructing FMT functionals in terms
of the weighted densities n(α), all of which are known
to accurately model the short-rage correlations. Here we
follow the modified version of the Rosenfeld original func-
tional proposed in Ref.29, which is known to satisfy ex-
act statistical mechanical sum rules and thermodynamic
conditions at planar walls and corners12,13.
To construct the external potential V (r) we consider a
semi-infinite solid slab of uniformy density ρw, into which
is cut an infinitely long narrow groove of width L and
depth D as shown in Fig.1. The wall atoms interact
with the fluid particles via the attractive part of Lennard-
Jones potential
φ(r) = −4εw
(σ
r
)6
, (11)
so that total external potential experienced by the fluid
atoms inside the groove is
V (x, z;L,D) =
{ ∞, x < σ or x > L− σ or z < σ,
ρw
∫
φ(|r− r′|)dr′ elsewhere , (12)
where the integral is over the solid volume and we have
incorporated a hard-wall repulsion set by the atomic di-
ameter σ which prevents V (x, z) from diverging. Thus
the external potential is translationally invariant along
the y-axis running parallel to the groove. The integrals
can be done analytically and the potential can be writ-
ten as a sum of contributions from the bottom wall and
vertical walls on the LHS and RHS respectively:
V (x, z;L,D) = V (1)(z)+V (2)(x, z;D)+V (2)(L−x, z;D) ,
(13)
The potential due to the bottom wall is particularly sim-
ple and decays as a pure power law,
V (1)(z) =
2αw
z3
, (14)
where we have introduced the pre-factor
αw = −1
3
piεwρwσ
6 . (15)
The contribution due to each vertical wall is more com-
plicated and is most conveniently written as30
V (2)(x, z;D) = αw (ψ(x, z) + ψ(x,D − z)) , (16)
where
ψ(x, z) =
2z4 + x2z2 + 2x4
2x3z3
√
x2 + z2
− 1
z3
. (17)
It is straightforward to show that in the limits L → ∞
and D →∞ the potential V (x, z) reduces to that corre-
sponding to a rectangular corner13.
Using the external potential V (x, z) we numerically
solve the Euler-Lagrange equation (8) for the equilibrium
profile ρ(x, z) on a two-dimensional Cartesian grid with a
spacing 0.05σ. In our numerical studies we set the wall
strength εw = 1.2 ε. In this case it is known that, for
a planar wall-gas interface at bulk coexistence µ = µsat,
there is a strongly first-order wetting transition at a tem-
perature satisfying kBTw = 1.18 ε which is far below the
bulk critical temperature (occurring at kBTc = 1.41 ε)
13.
Similarly for a single right-angle corner there exists a
strongly first-order filling transition occurring also at
bulk coexistence but at a lower temperature satisfying
kBTf = 1.08 ε. Before we considered the capped groove
we first studied an infinite open slit for which the external
potential V (x) = 2αw(x
−3 + (L−x)−3). For this system
we determined the equilibrium grand potentials and thus
computed the capillary coexistence curve µcc as a func-
tion of T for representative widths L = 7σ and L = 12σ.
We then cap this geometry leaving an open end in order
to study the nature of the condensation and evaporation
transitions. For this we chose a groove with depth D =
50σ which is sufficiently deep to observe the meniscus
unbinding and accurately determine critical exponents
5for these transitions. To model the boundary with the
bulk reservoir at the top of the groove we use the simple
boundary condition ρ(x,D) = ρb exp[−βV (x,D;L,D)]
where ρb is the bulk vapour density. This precludes us
studying wetting films on top of the sculpted surface but
does not influence the condensation and evaporation oc-
curring within a deep groove for chemical potentials close
to µcc. Having determined the density profile ρ(x, z) we
construct the total adsorption
ΓC =
∫ ∫
dxdz(ρ(x, z)− ρb) , (18)
which directly measures the height of the meniscus from
the bottom and is thus an appropriate order parame-
ter for condensation in a groove. For evaporation, it is
more suitable to consider an excess over the density of
the (metastable) bulk liquid density ρ+l :
ΓE =
∫ ∫
dxdz|ρ(x, z)− ρ+l | , (19)
which is proportional to the height of the meniscus from
the top. We have determined adsorption isotherms of ΓC
and ΓE vs. µ, for a variety of temperatures above and
below Tw which directly reflect the order of the conden-
sation and evaporation transitions. For condensation we
start from a low coverage configuration corresponding to
µ µcc and increase the chemical potential until either a
spinodal is reached or the groove continuously fills. For
evaporation we consider the reverse scenario and start
from a high coverage at a chemical potential µ > µcc
(but still below the saturation value µsat) and approach
µcc from above.
III. RESULTS
A. Condensation and Evaporation below the
Wetting Temperature
In Fig. 2 we show a representative adsorption and des-
orption isotherms in a groove of width L = 7 and depth
D = 50 at a temperature T/Tw = 0.97. Consider first
the condensation branch which follows the adsorption as
the chemical potential is increased from an initial low
value. It can be seen that the coverage remains small as
one approaches the chemical potential µcc at which, in
an infinitely deep groove, there is coexistence with a high
density configuration. The density profile at µcc is shown
in Fig. 3 and illustrates some preferential adsorption near
the corners. There is however no macroscopic meniscus.
We note that the numerically determined value for µcc is
extremely close to that predicted by the Kelvin equation,
which is to be anticipated since T < Tw. For µ > µcc the
low density configuration is metastable with respect to a
high coverage state and persists up to a spinodal value
µsp. The numerically obtained value µsp = −4.15ε is also
close, within 0.5%, to that predicted by the complemen-
tary Kelvin equation (4), although the agreement is not
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FIG. 2: Adsorption isotherms (full symbols) found by increas-
ing µ and desorption isotherms (empty symbols) found by de-
creasing µ in a capillary groove of width L = 7σ and depth
D = 50σ, at a temperature T/Tw = 0.97. The black ver-
tical dotted line denotes the value of the chemical potential
corresponding to the capillary condensation determined inde-
pendently from a 1D DFT for an open slit of width L = 7σ;
the red vertical dotted lines denotes the chemical potential
corresponding to the capillary condensation determined from
the Kelvin equation, Eq. (1). The red dashed line denotes
the position of the spinodal as predicted by the complemen-
tary Kelvin equation, Eq. (4). The vertical dotted-dashed line
denotes the saturated chemical potential.
FIG. 3: Density profile corresponding to a low-adsorption
state in a groove of L = 7σ and D = 50σ (displayed only
to z = 10σ) at T/Tw = 0.97 at capillary coexistence µ = µcc.
as good as for that between µcc and the Kelvin equation.
The accuracy of the complementary Kelvin equation is
remarkable in view of the fact that it was derived using
entirely macroscopic arguments based on the merging of
corner menisci even though these are not present at these
microscopic scales.
Consider next moving along the desorption line start-
ing from a high-density state we observe a continuous and
6FIG. 4: Density profiles corresponding to the evaporation branch for a capillary groove of width L = 7σ and depth D = 50σ,
at a temperature T/Tw = 0.97. From left to right the undersaturation δµ = µ− µsat is: 10−3, 10−4, and 5 · 10−5 in units of ε.
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FIG. 5: A log-log plot of the adsorption ΓE for the evapo-
ration branch, µ → µ+cc for a groove of width L = 7σ and
depth D = 50σ at sub-wetting temperature T/Tw = 0.97.
The straight line has a slope −1/3.
dramatic decrease in Γ. Representative density profiles
for different µ are shown in Fig. 4 and show a meniscus
whose distance from the open end increases continuously
as µ → µcc . A log-log plot of ΓE vs µ − µcc is shown
in Fig. 5 and is consistent with the result βE = 1/3. We
will return to this in the next section.
These numerical results show that within our model of
a macroscopically deep groove, below the wetting tem-
perature, the condensation is first-order while the evap-
oration is continuous. Of course, in a groove of finite
depth the evaporation transition is a subject to finite
size effects which limit the distance of the meniscus from
the open end. In this case, at mean-field level, the evap-
oration branch must also reach a spinodal µevapsp which
lies slightly below µcc (see Fig. 2). However, as D be-
comes larger, µevapsp tend to µcc. It is in this sense that
the evaporation transition is ultimately continuous in a
macroscopically deep groove.
In contrast, the spinodal point µcondsp , corresponding
to the condensation branch, remains distinct from µcc
as D is increased indicating that the transition is first-
order. In fact for condensation one needs to consider the
opposite limit and ask what happens to the transition
as the groove depth is decreased. We have checked nu-
merically that, for a variety of temperatures below Tw,
the condensation transition remains first-order until the
depth D becomes microscopically small, comparable to
the width L.
Beyond mean-field level the condensation/evaporation
transition is rounded for all finite D since the groove
geometry is pseudo-one-dimensional. However standard
finite-size scaling arguments imply that the width of the
rounding ∆µround/µcc ≈ exp(−γβLD) which is com-
pletely negligible once the groove depth and width are
7greater than the bulk correlation length.
B. Condensation and Evaporation above the
Wetting Temperature
1. Numerical DFT results
-4.10 -4.08 -4.06 -4.04 -4.02
0.00
0.04
0.08
0.12
0.16
0.20
0.24
0.28
cc g
 
 
C
condensation
evaporation
FIG. 6: Adsorption isotherm in a capillary groove of width
L = 12σ and depth D = 50σ, at a temperature T/Tw = 1.1.
The vertical dotted line denotes the location of the chemi-
cal potential µcc corresponding to the capillary condensation
determined independently from the 1D DFT for an open slit
of width L = 12σ; the vertical dashed line denotes saturated
vapour density at the same temperature.
In Fig. 6 we show the adsorption and desorption
isotherms obtained for T/Tw = 1.1 in a groove of width
L = 12σ and depth D = 50σ. In this case there is
no hysteresis so that the condensation and evaporation
branches are connected continuously. This finding is con-
sistent with the prediction of the complementary Kelvin
equation since the contact angle θ = 0. In Fig. 7 we
show density profiles obtained below, at, and slightly
above µcc, which illustrate the continuous movement of
the meniscus from the near cap to groove top as the chem-
ical potential is increased. The absence of spinodals in-
dicates that in the limit of macroscopic D both conden-
sation and evaporation transitions occur via the continu-
ous unbinding of the meniscus from the bottom and top,
respectively. However, while both transitions are con-
tinuous there remains a quantitative difference between
them characterised by the critical exponents βC and βE .
This is shown in Fig. 8 where we present log-log plots of
the adsorption and complementary adsorption as µcc is
approached from below and above, respectively. For the
evaporation branch, we find the same value βE = 1/3
obtained for the case of T < Tw. For condensation on
the other hand our results indicate that βC = 1/4.
2. Slab model analysis
Our numerical DFT results illustrate the asymmetry
between condensation and evaporation. Below the wet-
ting temperature condensation is first-order while the
evaporation is continuous. This qualitative difference can
understood due to the behaviour of the corner menisci
and is accurately quantified, even for narrow slits, by
the complementary Kelvin equation. Above the wetting
temperature on the other hand the difference between
condensation and evaporation is more subtle since both
transitions are continuous. However an asymmetry still
persists through the distinction between the adsorption
critical exponents βC and βE . In this section we present
details of a sharp-kink or slab model calculation, valid
above the wetting temperature, which predicts, analyti-
cally, the values of the critical exponents. This is similar
to the original effective Hamiltonian analysis of continu-
ous condensation and evaporation presented in15 but im-
proves on by accounting for thick complete wetting films
which will allow us to derive a formula for µcc consistent
with the Derjaguin corrected Kelvin equation.
In sharp-kink approximation we assume that the full
two dimensional density profile ρ(x, z) simply arises from
a) a flat meniscus constrained to be at height ` above the
groove bottom, b) wetting films of thickness `pi at each
wall lying above the meniscus. Hence vapour at pressure
p occupies a volume Vg while a metastable bulk liquid at
pressure p+l is adsorbed at the capillary walls and below
the meniscus (see Fig. 9). Such a parameterization ne-
glects the shape of the meniscus which is approximately
circular. However, allowing for a fixed circular shape
adds only a constant term to the free-energy and thus
does not influence in any way the equilibrium values of
the meniscus height and wetting film thickness. More im-
portantly this parameterization does not allow for corner
menisci and is therefore not appropriate for modelling
condensation occurring below the wetting temperature.
For a macroscopically deep groove, the equilibrium
value of the wetting film thickness at the side walls is
independent of the meniscus height and is the same as
that for an infinite open slit, given by
`pi =
(
2|αw|
µsat − µ
) 1
3
+O(L− 53 ) . (20)
The first term here is the equilibrium film thickness of a
complete wetting film at a single planar wall while the
O(L− 53 ) correction arises from the interaction between
the wetting films on the opposite walls which can be
safely ignored. Using this value for `pi we now substi-
tute the trial density profile into the functional Ω[ρ] and
obtain a grand potential Ω(`) which is a function of the
meniscus height. Per unit length L‖ of the groove, the
constrained, excess, contribution to the grand potential
density ω(`) = Ω(`)/L‖ is given by
8FIG. 7: From left to right density profiles for chemical potentials slightly below (µ/µcc = 0.98, close to (µ/µcc ≈ 1) and
slightly above (µ/µcc = 1.02) that of capillary condensation for a capillary groove of width L = 12σ and depth D = 50σ, at a
temperature T/Tw = 1.1.
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FIG. 8: Left: a log-log plots of the adsorption, ΓC , for the condensation transition occurring as µ→ µ−cc. The straight line fit
has gradient −0.2507 (compare to the theoretical prediction βC = 1/4). Right: a log-log plots of the complementary adsorption,
ΓE , for the evaporation transition occurring as µ→ µ+cc. The straight line fit has gradient −0.3332 (compare to the theoretical
prediction βE = 1/3). These results pertain to a capillary groove of width L = 12σ and depth D = 50σ, at a temperature
T/Tw = 1.1.
ωex(`) = (p+l − p)(L− 2`pi)(D − `) + γ [2(D − `) + (L− 2`pi)]−
∆ρ
L‖
∫
Vg
V (r)dr . (21)
where we have defined the relevant excess contribution
by subtracting off a constant term corresponding to the
free-energy of a completely filled groove. Minimization
of ωex determines the equilibrium meniscus height `C
and `E , details of which are presented in the Appendix.
In the limit D → ∞ the minimization also determines
9FIG. 9: Slab model parameterization of the density profile
showing a meniscus of height ` in a capped capillary groove
of width L and height D appropriate above the wetting tem-
perature. Vg denotes the volume filled by gas at pressure
p. The side walls are coated with complete wetting films of
thickness `pi.
the value of the chemical potential at which condensa-
tion/evaporation occurs as
µcc(L) ≈ µsat − 2γ
∆ρ(L− 3`pi) , (22)
which is precisely the Derjaguin corrected Kelvin equa-
tion which allows for the shift in condensation due to
thick complete wetting layers at the vertical walls.
For the condensation branch, occurring as µ ap-
proaches µcc from below, we find that in the limit D →∞
of a macroscopically deep groove, the equilibrium height
of the meniscus above the groove bottom is21
`C =
(
9|αw|L
8(µcc − µ)
) 1
4
+ · · · (23)
where the ellipsis denote negligible non-diverging higher
order terms. Similarly for the evaporation branch, occur-
ring as µ approaches µcc from above, we find that in the
limit of a macroscopically deep groove, the equilibrium
height of the meniscus from the groove opening is
`E =
(
2|αw|
µ− µcc
) 1
3
+ · · · . (24)
where we have again ignored non-diverging terms.
At this point we make the following remarks:
i) The values of the exponents βC = 1/4 and βE = 1/3
are exactly the same as those predicted in the effective
Hamiltonian study of15 which adopted a slightly simpler
parameterization of the density profile. Thus as expected
the only influence of the thick wetting films at side walls
is change the location of the capillary condensation, µcc,
in keeping with Derjaguin corrected Kelvin equation.
The values of these exponents, obtained in a slab
model for an infinitely deep groove, are in excellent
agreement with our numerical DFT results obtained for
the condensation and evaporation in a groove of finite
depth D = 50σ.
ii) As discussed earlier the present slab model calcu-
lation cannot be used to study condensation occurring
below Tw since the parameterization of the profile does
not allow for corner menisci. However it can used to
study evaporation for T < Tw since in the limit of an
infinitely deep groove, for all µ > µcc, the meniscus is
always far from the groove bottom. Thus as for the case
T > Tw there is only a single meniscus. Because the
the vertical walls are now partially wet there is no need
to allow for thick wetting films and one can set the pa-
rameter `pi = 0 in the slab model analysis. In this case
it is easy to show that the result for the divergence of
the meniscus depth remains `E = (2|αw|/(µ − µcc))1/3.
The only difference is that the location of capillary con-
densation, µcc, is given by the by standard macroscopic
Kelvin equation (1). Thus for our present system, with
long-ranged wall-fluid and short-ranged fluid-fluid inter-
actions, the slab model predicts that evaporation remains
continuous even below the wetting temperature Tw. This
is completely consistent with our numerical DFT results.
We shall to return this point later where we shall try to
generalise the criteria for the order of the evaporation
transition.
C. Covariance between groove evaporation and
complete wetting
The slab model analysis points to a remarkably sim-
ple connection between groove evaporation, occurring for
T > Tw, in systems with dispersion forces, and com-
plete wetting at a planar wall. Recall that the complete
wetting transition occurs above the wetting temperature
and refers to the divergence of the equilibrium thickness,
`pi(µ), of an adsorbed liquid film, at a planar wall-gas
interface, as the chemical potential µ of the bulk gas , is
increased to saturation µsat. In general one writes this di-
vergence as `pi(µ) ≈ |µ−µsat|−βcos where the exponent βcos
is determined by the range of the intermolecular forces
and also possible interfacial fluctuation effects. For three
dimensional systems, fluctuations are negligible, and for
dispersion (van der Waals) forces the exponent takes the
mean-field value βcos = 1/3 first explained by the Russian
school of Derjaguin and Frumkin26. However, from the
slab model results,
`E(µ) ≈
(
2|αw|
|µ−µcc|
) 1
3
, `pi(µ) ≈
(
2|αw|
|µ− µsat|
) 1
3
, (25)
we see that the connection between groove evaporation
and complete wetting goes much deeper. Thus, while
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FIG. 10: Test of the covariance law showing comparison of the
growth of the wetting layer thickness `pi for complete wetting
on a planar wall (open symbols) with the meniscus position `E
for evaporation in a capillary groove (filled symbols) of width
L = 12σ and depth D = 50σ at temperature T/Tw = 1.1.
The results are expressed in the molecular units of σ and ε.
`pi diverges as µ → µsat from below and `E diverges
as µ → µcc from above, the divergences are otherwise
characterised by precisely the same power-law functions,
apart from the shift in the location of the respective tran-
sition. That is
`E(µ− µcc) = `pi(µsat − µ) . (26)
This is a further example of a covariance relation re-
lating adsorptions at phase transitions on different sub-
strates, similar that observed in studies of wedge and
cone filling31–33.
We have tested this prediction using our microscopic
DFT by comparing the divergences of `pi = Γ/∆ρ and
`E = ΓE/∆ρ at a temperature T/Tw = 1.1 in a groove
of depth D = 50σ and width L = 12σ. The results are
shown in Fig. 11 and show a near perfect collapse of the
two curves `pi(µ) and `E(µ). In drawing the shifted curve
for `E we have treated the value of µcc as a fitting pa-
rameter which determined as µfitcc = −4.0541ε. This com-
pares very well with the value µcc = −4.0529ε obtained
from the independent 1D DFT analysis for an infinite
open slit. The small difference between these values is
attributable to the finite depth of our groove.
The origin of the covariance can be easily understood
by simply recasting the slab model analysis in the lan-
guage of an effective potential. The equilibrium film
thickness `pi of a complete wetting layer, is the minimum
of a binding potential Wpi(`) defined as the excess grand
potential per unit area of a wetting film at a planar wall
which constrained to be of height `. Within the slab
model analysis this is determined in standard fashion as
Wpi(`) = (µsat − µ)∆ρ`−∆ρ
∫ ∞
`
V (1)(z)dz , (27)
where the first term is the thermodynamic cost of hav-
ing a layer of liquid which is metastable in the bulk and
the second arises from the integral over the long-ranged
wall-fluid forces. This gives rise to an effective repulsion
between the interfaces
Wpi(`) = (µsat − µ)∆ρ`+ A
`2
+ · · · , (28)
where the Hamaker constant A = −αw∆ρ, which is pos-
itive. Minimization of this determines `pi in agreement
with Eq. (20). Now we turn our attention to the evap-
oration occurring in an infinitely deep groove and and
understand the structure of the analogous binding po-
tential ωex(`) where we have suppressed the dependence
on the wetting films at the side walls. The slab model
result for this is
ωex(`)
L
= (µ−µcc)∆ρ(D−`)+ A
(D − `)2 +O
(
(D − `)−3) ,
(29)
where we have divided by the slit width so that the di-
mensions are the same as for Wpi(`). Here the first term
is now the thermodynamic cost of having a volume of
capillary-gas which is metastable in the groove. This is
the direct analogue of the first term in Wpi(`) and de-
termines the shift in the location of the transition from
µsat to µcc. The second term is the all important re-
pulsion of the meniscus from the capillary opening and
can be understood as follows: consider an infinite open
capillary slit exactly at µ = µcc, and place a meniscus
at some arbitrary position. Now imagine slicing off the
side walls at height D− ` from the meniscus and replac-
ing this by the vapour. The change to the excess grand
potential from removing this volume of wall involves pre-
cisely the same integral over the dispersion interaction
as in Eq. (27) apart from a slab of thickness L which
contributes to the error term in Eq. (29). Minimization
of ωex(`) recovers the above expression for `E and hence
the covariance law.
For completeness we remark that for the condensation
transition the binding potential is given by
ωex(`)
L
= (µcc − µ)∆ρ`+ 9AL
8`3
+ · · · . (30)
This has a very similar interpretation to the potential for
evaporation with the first term representing the energy
cost of having a volume of metastable capillary liquid for
µ < µcc. The reason why the meniscus repulsion from the
groove bottom is higher order than for the evaporation
can also be understood by dimensional analysis: imagine
first that we are at coexistence in an open slit then cap
the geometry by adding a slab of solid that fits between
the side walls a distance ` below the meniscus. Since this
is of finite width L the integration of the intermolecular
forces over this volume produces a power law which is one
order higher compared to that for wetting at a planar wall
and evaporation.
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IV. CONCLUSION
In this paper we have used a mean-field DFT and
slab model analysis to determine the order of conden-
sation and evaporation transitions in a deep capillary
groove with long-ranged wall-fluid forces. We have shown
that the condensation transition becomes first order be-
low the wetting temperature due to the presence of cor-
ner menisci and shown that the complementary Kelvin
equation accurately describes the associated size of the
metastable regime. For evaporation on the other hand
our results indicate that the transition remains continu-
ous at all temperatures and confirm the mean-field value
of the critical exponent βE = 1/3 . Our analysis of evap-
oration also revealed a remarkably simple covariance re-
lation with complete wetting at a planar wall.
Our study has been entirely at mean-field level and ne-
glects the long wavelength, interfacial, fluctuations of the
meniscus, the most dominant of which arise from those in
the height of the meniscus along the groove. As discussed
in15 this means that the fluctuation theory of meniscus
unbinding is analogous to that of two dimensional com-
plete wetting but with a stiffness parameter, resisting the
undulations of the meniscus, which is ∝ γL. Thus, for
continuous condensation, the mean-field power-law diver-
gence `C ≈ ((µcc − µ)/L)−1/4 will, as µ → µcc , eventu-
ally cross-over to `C ≈ (L2(µcc − µ))−1/3 describing the
true asymptotic critical behaviour (assuming the groove
is macroscopically long). However, a simple matching of
these power laws shows that the size of the asymptotic
regime is negligibly small since it scales as L−11. Thus
to all intents and purposes the mean-field description of
the continuous capillary condensation is exact. Similar
remarks apply to continuous evaporation. The repulsive
term ∝ (D−`)−2 appearing in the effective potential (29)
is marginal which implies that that value of the exponent
βE = 1/3 is not altered by fluctuation effects. The only
influence of these is that they slightly change the critical
amplitude of the divergence of `E so that the mean-field
result (24) is multiplied by a factor 1+O(βγL2)−1. This
is only significant if the evaporation occurs in the immedi-
ate vicinity of the capillary critical point and is otherwise
entirely negligible.
An important generalization of the present study is to
include fully long-ranged fluid-fluid forces which decay
as φ(r) ∝ −/r6. Indeed, within the slab model of evap-
oration it is trivial to allow for such forces, at leading
order, since the integrals they introduce into the analysis
are identical to those arising from the wall-fluid forces.
The upshot of this is that the prediction for the meniscus
height is altered to
`E(µ) ≈
(
2(αf − αw)
µ− µcc
) 1
3
(31)
where
αf = −1
3
piεσ3 . (32)
Equivalently, the Hamaker constant appearing in the po-
tentials (28) and (29) is replaced by A ∝ ∆ρ(αf − αw).
This result tells us that the covariance law (26) for evap-
oration occurring for T > Tw and complete wetting re-
mains unchanged. More interestingly however it sug-
gests that the evaporation becomes first-order when the
Hamaker constant changes sign. This occurs under two
circumstances: a) at the wetting temperature Tw asso-
ciated with critical (second-order) wetting transition of
the side walls b) at the spinodal temperature Ts associ-
ated with first-order wetting transition of the side walls.
This is defined as the temperature at which the activa-
tion barrier in the wetting binding potential Wpi(`) first
appears. Interestingly, these conditions are precisely the
same as the slab model predictions for the order of wedge
filling transitions and point to a possible deeper connec-
tion with that phase transition10. We emphasize that this
prediction of a possible change in the order of the evap-
oration transition is entirely consistent with the present
numerical DFT study since in our current model, the
short-ranged nature of the fluid-fluid forces means there
is no spinodal temperature associated with the first-order
wetting transition. However some caution is needed with
this prediction regarding the change in order of evapora-
tion since below the wetting temperature one should also
consider the higher order terms in the binding potentials
for which we need to go beyond the sharp kink approxi-
mation. For example it is certainly not the case that the
higher order terms in (28) and (29) are the same which
is the reason why the covariance law (26) only applies
above Tw. In addition for very narrow slits it is neces-
sary to carefully model the opening of the groove into
the bulk reservoir since the structure of this may lead to
additional interfacial pinning. This requires more study
using numerical DFT rather than simple slab model con-
siderations.
Finally we mention that there is one phenomenon oc-
curring in the groove geometry that we have not consid-
ered at all. This is the capillary-wetting transition de-
fined as the divergence in the adsorption ΓC as the tem-
perature is increased towards T ≈ Tw along the capillary-
coexistence line µ = µcc
22. The complementary Kelvin
equation tells us that macroscopically the transition must
occur at Tw since this is the temperature at which the
contact angle vanishes implying the end of any metasta-
bility associated with corner menisci. The reason why we
have avoided discussion of this transition is that here the
mean-field character of the DFT is unreliable. Accord-
ing to the present DFT the capillary wetting transition
is first-order and with it is associated a capillary pre-
wetting line extending off capillary-coexistence and for
T > T ∗(L). The first-order nature of this transition can
be seen from the structure of the condensation binding
potential (30). While the slab model parameterization
does not allow for corner menisci for T < Tw it does tell
us that if a single meniscus were to be formed at a dis-
tance ` above the groove bottom then it must be repelled
from it (since the Hamaker constant A > 0). However
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we know that below Tw the lowest free-energy configura-
tion is due to bound corner menisci. Thus there is always
a potential barrier between bound corner menisci and a
single meniscus state located above the bottom. Thus
the transition must be first-order. However this mean-
field reasoning is incorrect because the capillary wetting
transition must belong to the universality of two dimen-
sional critical wetting with short-ranged forces since the
O(`−3) interaction of the meniscus with the wall appear-
ing in Eq. (30) is irrelevant. This implies not only that
the transition is continuous and hence that there is no
capillary pre-wetting line but that the location of T ∗(L) is
renormalized by fluctuations and occurs below its mean-
field prediction because the meniscus can tunnel out of
the barrier which binds it to the corner(s). However
modelling this using an effective interfacial Hamiltonian,
while taking into account the influence of long-ranged
forces, is difficult because it is necessary to model two
corner menisci and single meniscus configurations. This
will be the subject of future work.
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Appendix A: Slab model integrals
The essential ingredient in the slab model calcula-
tion of the constrained grand potential ωex(`) given by
Eq. (21) is the integration of the external potential over
the volume of the gas. Per unit length of the capillary,
this is given by:
1
L‖
∫
Vg
V (r)dr =
∫ D
`
dz
∫ L−`pi
`pi
dxV (x, z)
= αw
∫ D
`
dz
∫ L−`pi
`pi
dx
[
2
z3
+ ψ(x, z) + ψ(x,D − z) + ψ(L− x, z) + ψ(L− x,D − z)
]
= αw
∫ D
`
dz
∫ L−`pi
`pi
dx
[
2
z3
+ 2(ψ(x, z) + ψ(x,D − z))
]
= 2αw
∫ D
`
dz
[
L− 2`pi
z3
+ Ψ(L− `pi, z)−Ψ(`pi, z) + Ψ(L− `pi, D − z)−Ψ(`pi, D − z)
]
,
where we have defined
Ψ(x, z) ≡
∫
ψ(x, z)dx = − x
z3
+
(2x2 − z2)√x2 + z2
2z3x2
.
(A1)
Thus, when we minimise Ωex with respect to `, we can
make use of the relation
∂
∂`
[
1
L‖
∫
Vg
V (r)dr
]
= −2αw
[
L− 2`pi
`3
+ Ψ(L− `pi, `)−Ψ(`pi, `) + Ψ(L− `pi, D − `)−Ψ(`pi, D − `)
]
, (A2)
which can be expanded
∂
∂`
[
1
L‖
∫
Vg
V (r)dr
]
= −2αw
[
1
`2pi
− 1
(L− `pi)2 +
2`pi − L
(D − `)3 +
9
16
L(L− 2`pi)
`4
+ · · ·
]
. (A3)
13
Combining with (21) one obtains
(p− p+l )(L− 2`pi)− 2γ + 2αw∆ρ
[
1
`2pi
− 1
(L− `pi)2 +
2`pi − L
(D − `)3 +
9
16
L(L− 2`pi)
`4
+ · · ·
]
= 0 (A4)
and substituting `pi from Eq. (20) gives:
(p− p+l )(L− 3`pi)− 2γ + 2αw∆ρ
[
2`pi − L
(D − `)3 +
9
16
L(L− 2`pi)
`4
+ · · ·
]
= 0 . (A5)
which determines the equilibrium height of the meniscus
in a finite depth groove. Finally, using p− p+l ≈ (µsat −
µ)∆ρ and Eq. (1) we find that for µ < µcc, in the limit
D →∞, the equilibrium position of the meniscus height
above the groove bottom `C satisfies
µ = µcc(L) +
9
8
αw(L(L− 2`pi))
(L− 3`pi)
1
`4C
+ · · ·
≈ µcc(L) + 9
8
αwL
`4C
(A6)
Conversely, for µ > µcc(L), in the limit D → ∞, with
D−` fixed, the equilibrium distance of the meniscus from
the top of the groove `E satisfies
µ = µcc(L)− 2αw(L− 2`pi)
(L− 3`pi)
1
`3E
+ · · ·
≈ µcc(L)− 2αw
`3E
. (A7)
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